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Abstract
We show that every separable regular pp space and every normal ppclosed space is paracompact. We also show that every Fσ -
subset of a normal pp space is still a pp space. This solves some questions from a recent paper by P. Gartside, D. Gauld and
A. Mohamad.
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1. Introduction
The notion of pp space was first introduced by M. Matveev in [5], and then investigated by D. Gauld and M.K. Va-
manamurthy in [2] and [3], and by Y.-K. Song in [6].
In the recent paper [4], the authors fit such a notion into the context of a much more general definition—namely,
that of ppQP spaces. The main problem they tackle is that of the relationships between pp and paracompact spaces; in
particular, two very efficient general techniques to construct spaces which are pp but not paracompact are provided
(cf. [4, Constructions 1 and 2]), by which the authors can show that none of the most common separation properties
helps a pp space to get paracompactness—or even another separation property of a slightly higher level. In the last
section, attention is focused on the newly defined notion of ppclosed space, which remarkably strengthen that of pp
space; however, whether such a notion be powerful enough to imply paracompactness is left as an open problem.
In this paper, we consider some of the questions raised (explicitly or implicitly) in [4] and produce the following
results:
– every separable regular pp space is paracompact (this solves [4, Question 6]);
– every Fσ -subset of a normal pp space is a pp space (this is connected with an implicit question raised in [4] before
Theorem 20);
– every normal ppclosed space is paracompact (cf. [4, Question 28]).
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Let us recall that a (T1) space X is said to be pp if for every open cover A of X there exists an open pp cover B
refining A, where the cover B is defined to be pp if ∅ /∈ B and for every f :B→ X satisfying f (B) ∈ B for all B ∈ B,
the set {f (B) | B ∈ B} is closed and discrete in X (or, equivalently, the collection {{f (B)} | B ∈ B} is locally finite).
A space X is said to be ppclosed [ppfinite] if for every open cover A of X there exists an open ppclosed [ppfinite] cover
B refining A, where the cover B is said to be ppclosed [ppfinite] if for every F associating to each B ∈ B a closed in X
[a finite] subset F(B) of B , the collection {F(B) | B ∈ B} is locally finite (in X).
Remark. In the above definitions, the property of local finiteness for the collections {F(B) | B ∈ B} and {{f (B)} |
B ∈ B} is to be intended in the weak sense, i.e. (in the former case, for example) every x ∈ X is required to have
a neighborhood V such that the set {F(B) | B ∈ B ∧ F(B) = ∅} is finite—but the set {B | B ∈ B ∧ F(B) = ∅} not
necessarily is.
Our first result consists of a negative answer to [4, Question 6].
Theorem 2.1. Every separable pp (T1-)space is Lindelöf.
Proof. Let X be separable and pp, and consider an arbitrary open cover A of X. Then A has an open pp refinement
B (consisting of nonempty sets). Fix a dense countable subset D of X, and let B′ = {B ∈ B | B\D = ∅}. Clearly, as B
covers X, B′ covers X\D; if we can prove that B′ is countable then, associating to every x ∈ D a Bx ∈ B with x ∈ Bx ,
B∗ = B′ ∪ {Bx | x ∈ D} will be a countable cover of X refining B, whence we can also obtain a countable subcover
of X.
Towards a contradiction, suppose B′ is uncountable. Index B in a one-to-one way as {Bα | α ∈ ζ }, for a suitable
(uncountable) cardinal ζ , and index D as {yn | n ∈ ω} (injectivity is not required, here). By transfinite induction define
N(α) ⊆ ω and n(α) ∈ ω, for every α ∈ ζ , in the following way.
N(α) = {n′ ∈ ω ∣∣ yn′ ∈ Bα ∧ ∀β < α: n(β) = n′};
n(α) =
{
minN(α), if N(α) = ∅;
min{n′ ∈ ω | yn′ ∈ Bα}, if N(α) = ∅.
(Of course, such a definition is correct because D is dense in X and every element of B is nonempty.)
Now, since H = {α ∈ ζ | Bα ∈ B′} is uncountable, there must exist an n∗ ∈ ω such that n(α1) = n(α2) = n∗ for
two suitable α1, α2 ∈ ζ with α1 < α2. Notice that the set N(α2) must be empty. Otherwise, since n(α2) = n∗, it would
follow from the above definition that (yn∗ ∈ Bα2 and that) n(β) = n∗ for every β < α2, while we know that n(α1) = n∗.
Since Bα2 ∈ B′, there exists x¯ ∈ Bα2\D. Observe that yn(α) ∈ Bα for every α ∈ ζ ; therefore, the fact that B = {Bα |
α ∈ ζ } is a pp cover of X implies that E = {yn(α) | α ∈ ζ } is closed and discrete in X. In particular, since x¯ /∈ D and
E ⊆ D, there exists an open neighborhood V of x¯ with V ∩E = ∅. We claim that (V ∩Bα2)∩D = ∅, which leads to
a contradiction as V ∩ Bα2 is an open neighborhood of x¯ and D is dense in X.
Indeed, suppose yn¯ ∈ V ∩ Bα2 for some n¯ ∈ ω. Then yn¯ /∈ E (as V ∩ E = ∅), i.e. n¯ /∈ {n(α) | α ∈ ζ }; in particular,
n(β) = n¯ for every β < α2. Since, on the other hand, yn¯ ∈ Bα2 , it follows that n¯ ∈ N(α2), while we have already
proved that N(α2) = ∅. 
Corollary 2.2. Every regular separable pp space is paracompact.
It is to be noticed that, a priori, one could wonder whether in the previous corollary regularity is actually needed.
Thus, we give the example below to answer in the positive such a possible question.
Example 2.3. There exists a Hausdorff separable pp space which is not regular.
Proof. Let Y = [0,1] × ω, endowed with the product topology (i.e., Y is a disjoint sum of countably many unit
intervals of the real line). Add a point ∞ to Y , and give it the fundamental system of open neighborhoods{
Vϕ,n
∣∣ ϕ :ω → ]0,1], n ∈ ω},
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Vϕ,n = {∞} ∪
⋃
n′∈ω
n′n
(]
0, ϕ(n′)
[× {n′}).
Let X = Y ∪ {∞}, endowed with the above-described topology. Clearly, X is T2 and ⋃n∈ω(Q ∩ [0,1]) × {n} is a
countable dense subset of X. Moreover, X is not regular, as the point ∞ cannot be separated from the closed set
C = {(0, n) | n ∈ ω}. Thus, let us prove that X has property pp (in the following, for the sake of simplicity, we will set
In = [0,1] × {n} for every n ∈ ω).
Thus, let A be an arbitrary open cover of X; for every n ∈ ω, since each In is compact, there exists a finite
subcollection An of A which covers In. Let, for every n ∈ ω, Bn = {A ∩ In | A ∈ An}, and set B = (⋃n∈ω Bn) ∪{A∞}—where A∞ is a previously fixed element of A containing ∞. Then we see that B is an open cover of X which
refines A; we claim that B is pp.
Actually, consider an arbitrary f :B→ X such that f (B) ∈ B for every B ∈ B. Letting M = {f (B) | B ∈ B}, we
see that for every n ∈ ω the set M ∩ In is finite (as M ∩ In ⊆ {f (B) | B ∈ Bn} ∪ {f (A∞)}). As a consequence, if we
have an x¯ belonging to some In¯, then In¯ itself is an (open) neighborhood of x¯ meeting M only in a finite set. On the
other hand, if we consider the point ∞, then letting for every n ∈ ω:
ϕ(n) =
{
min{t ∈ ]0,1] | (t, n) ∈ M}, if {t ∈ ]0,1] | (t, n) ∈ M} = ∅;
1, if {t ∈ ]0,1] | (t, n) ∈ M} = ∅;
it follows that Vϕ(n),0 = {∞} ∪⋃n∈ω(]0, ϕ(n)[ × {n}) is an open neighborhood of ∞ which meets the set M at most
in the single point f (A∞). 
As pointed out by the referee, there are also examples of separable—even countable—(T1) pp spaces which are
not T2. Indeed, consider the space ω ∪ {∞1,∞2}, where the points of ω are isolated while {{∞i} ∪ {n′ ∈ ω | n′  n} |
n ∈ ω} is a fundamental system of (open) neighborhood for ∞i , i = 1,2 (actually, this is a compact, not T2 space).
Now we turn to the second result announced in the Introduction. First, we prove a preliminary lemma which
actually claims very little more than the hereditarity of pp property to closed subsets; however, for the proof of the
subsequent theorem we need the next result to be stated in this precise form.
Lemma 2.4. Let X be a pp space and C a closed subset of X. Then for every open cover A of C in X, there exists a
collection B of nonempty open subsets of X such that:
(1) B covers C;
(2) B A (i.e., for every B ∈ B there is A ∈A with B ⊆ A);
(3) for every f :B→ X such that f (B) ∈ B for all B ∈ B, the set {f (B) | B ∈ B} is closed and discrete in X.
Proof. Define A˜=A ∪ {X\C}: then A˜ is an open cover of X, so that there exists an open cover B˜ of X consisting
of nonempty sets such that B˜  A˜ and that {f (B) | B ∈ B˜} is closed and discrete in X for every f : B˜ → X with
f (B) ∈ B for all B ∈ B˜. Then it is easily seen that B = {B ∈ B˜ | B ∩ C = ∅} has all the properties required by the
statement. 
Theorem 2.5. Every Fσ -subset of a normal pp space X is still a pp space.
Proof. Let F be any Fσ -subset of X, and write F as
⋃
n∈ω Cn with the sets Cn closed. Suppose A′ be any open cover
of F : then there exists a collection A of open subsets of X such that A′ = {A ∩ F | A ∈A}. By induction, we will
define for every n ∈ ω a collection Bn of open subsets of X and an open Ωn ⊆ X, with the following properties:
(a) Cn ⊆ Ωn ⊆ Ωn ⊆⋃ni=0(⋃Bi );
(b) ⋃Bn ∩ (⋃n−1i=0 Ωi) = ∅;
(c) Bn A, and B ∩ Cn = ∅ for every B ∈ Bn;
(d) for every f :Bn → X such that f (B) ∈ B for all B ∈ Bn, the set {f (B) | B ∈ Bn} is closed and discrete in X.
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C0 ⊆ ⋃B0 and {f (B) | B ∈ B0} is closed and discrete in X for every f :B0 → X with f (B) ∈ B for all B ∈ B0;
moreover, we may further assume that B ∩ C0 = ∅ for every B ∈ B0. Now, by normality, we may find an open
subset Ω0 of X such that C0 ⊆ Ω0 ⊆ Ω0 ⊆ ⋃B0; therefore, (a), (c) and (d) are fulfilled for n = 0, and the same
holds for (b) (in a trivial way). Suppose now to have defined Bn and Ωn for 0 n n¯, in such a way that (a)–(d) are
satisfied. Consider the closed set C˜ = Cn¯+1\⋃n¯n=0(⋃Bn): sinceA covers it and (⋃n¯n=0 Ωn)∩ C˜ = ∅ (as ⋃n¯n=0 Ωn ⊆⋃n¯
n=0(
⋃n
i=0(
⋃Bi )) = ⋃n¯n=0(⋃Bn) by (a)), the collection A∗ = {A\⋃n¯n=0 Ωn | A ∈ A} still covers C˜. Then, by
Lemma 2.4, there exists a collection B ′¯n+1 of open nonempty subsets of X such that C˜ ⊆
⋃B ′¯n+1, B ′¯n+1 A∗ (A),
and {f (B ′) | B ′ ∈ B ′¯n+1} is closed and discrete in X for every f :B ′¯n+1 → X with f (B ′) ∈ B ′ for all B ′ ∈ B ′¯n+1.
Letting Bn¯+1 = {B ∈ B ′¯n+1 | B ∩ C˜ = ∅}, we see that Bn¯+1 shares with B ′¯n+1 the same properties above, so that (c)
and (d) are fulfilled for n = n¯ + 1. Moreover, since Bn¯+1  A∗ and A∗ ∩ (⋃n¯n=0 Ωn) = ∅ for every A∗ ∈ A∗, it
follows that B ∩ (⋃n¯n=0 Ωn) = ∅ for every B ∈ Bn¯+1, so that (b) is fulfilled for n = n¯ + 1. Finally, from the inclusion
C˜ = Cn¯+1\⋃n¯n=0(⋃Bn) ⊆ ⋃Bn¯+1 we deduce that Cn¯+1 ⊆ ⋃n¯+1n=0(⋃Bn): therefore, by normality, there exists an
open subsets Ωn¯+1 of X such that Cn¯+1 ⊆ Ωn¯+1 ⊆ Ωn¯+1 ⊆⋃n¯+1n=0(⋃Bn)—hence (a) is satisfied for n = n¯ + 1.
Let B =⋃n∈ω Bn: then it follows from (a) that⋃
B =
⋃
n∈ω
(⋃
Bn
)
=
⋃
n∈ω
(
n⋃
i=0
(⋃
Bn
))
⊇
⋃
n∈ω
Cn = F,
and that B A. Therefore, B′ = {B ∩ F | B ∈ B} is an open cover of F (in F ) which refines A′ and (by the second
part of (c)) consists of nonempty sets. We want to show that for every f :B′ → F such that f (B ′) ∈ B ′ for all B ′ ∈ B′,
the set {f (B ′) | B ′ ∈ B′} is closed and discrete in F . Thus, let f be as above, and let x¯ ∈ F be arbitrary: then x¯ ∈ Cn¯
for some n¯ ∈ ω. The fact that B ∩F = ∅ for every B ∈ B allows us to define f˜ :B→ X by f˜ (B) = f (B ∩F)—so that
in particular f˜ (B) ∈ B ∩ F ⊆ B for each B ∈ B. Then it follows from (d) that {f˜ (B) | B ∈ Bi} is closed and discrete
in X for every i ∈ {0, . . . , n¯}, and the same clearly holds for the set ⋃n¯i=0{f˜ (B) | B ∈ Bi} = {f˜ (B) | B ∈⋃n¯i=0Bi}.
Therefore, there exists a neighborhood V of x¯ with |V ∩ {f˜ (B) | B ∈⋃n¯i=0Bi}| 1. On the other hand, from (a) and
(b) we deduce that Ωn¯ is an open neighborhood of x¯ such that
∀n > n¯: ∀B ∈ B: B ∩ Ωn¯ = ∅.
Thus, Ωn¯ ∩ V is a neighborhood of x¯ such that |(Ωn¯ ∩ V ) ∩ {f˜ (B) | B ∈⋃n∈ω Bn}| 1; from the definition of f˜ , it
then follows that Ωn¯ ∩ V ∩ F is a neighborhood of x¯ in F with |(Ωn¯ ∩ V ∩ F) ∩ {f (B ′) | B ′ ∈ B′}| 1. 
Before dealing with ppclosed spaces and their links with paracompactness, we need a preliminary lemma concerning
the notion of ppfinite cover.
Lemma 2.6. Let A be a ppfinite cover of a topological space X. Then A is point-finite.
Proof. Towards a contradiction, suppose x¯ ∈ X to be such that the set {A ∈ A | x¯ ∈ A} is infinite. We associate by
induction to every n ∈ ω an An ∈A and a point xn ∈ An in the following way:
– A0 is an element of A with x¯ ∈ A0, and x0 = x¯;
– if we have defined An and xn for n  n¯, then set An¯+1 to be any element of the collection {A ∈ A | x¯ ∈ A}\
{A0, . . . ,An¯} which is not included in {x0, . . . , xn¯}, and xn¯+1 to be any element of An¯+1\{x0, . . . , xn¯}.
The above definition is correct as, for every n¯ ∈ ω, the collection of all subsets of {x0, . . . , xn¯} is finite—hence cannot
include the infinite collection {A ∈A | x¯ ∈ A}\{A0, . . . ,An¯}.
Since we have chosen the sets An to be pairwise different, and since x¯, xn ∈ An for every n, there exists an
F :A→ F(X) (where F(X) is the collection of all finite subsets of X) such that F(A) ∈ A for every A ∈ A, and
F(An) = {x¯, xn} for every n ∈ ω (in particular, F(A0) = {x¯}). Observe that, since xn+1 /∈ {x0, . . . , xn} for any n ∈ ω,
we have the inequality F(An) = F(An′) for any two distinct n,n′ ∈ ω; thus, the collection {F(An) | n ∈ ω} = {{x¯, xn} |
n ∈ ω} is infinite. It follows that every neighborhood V of x¯ intersects infinitely many elements of {F(A) | A ∈ A}
(simply because x¯ ∈ V ), which contradicts the fact that A is ppfinite. 
2252 C. Costantini / Topology and its Applications 154 (2007) 2248–2252We recall that a space X is said to be metacompact (or weakly paracompact) if for every open cover A of X there
exists a point-finite cover B with B A.
Corollary 2.7. Every ppfinite space is metacompact.
As a consequence of the above corollary, [4, Question 19] has a negative answer if instead of a pp space we consider
a ppfinite space.
Corollary 2.8. If X is a normal ppfinite space, then X is countably paracompact.
Proof. Apply Corollary 2.7 and [1, Theorem 5.2.6]. 
Now we are ready to prove the result about ppclosed spaces announced in the Introduction; this solves, under the
assumption of normality, the question of whether ppclosed property implies paracompactness (cf. [4, Question 28]).
Theorem 2.9. Let X be a normal ppclosed space. Then X is paracompact.
Proof. Let U be an arbitrary open cover of X, and consider a ppclosed open cover V of X which refines U . Then V
is also ppfinite, hence (by Lemma 2.6) point-finite. Due to a well-known general result (cf., for example, [1, Theo-
rem 1.5.18]), it is possible to associate to every A ∈ V an open set Ω(A), with Ω(A) ⊆ Ω(A) ⊆ A, in such a way that
{Ω(A) | A ∈A} still covers X.
Since V is a ppclosed cover, the collection {Ω(A) | A ∈ A} is locally finite, in the sense that each x ∈ X has a
neighborhood Vx for which {Ω(A) | A ∈ V ∧Ω(A)∩Vx = ∅} is finite. Observe that, a priori, this does not imply that
the collection {Ω(A) | A ∈ V ∧ Ω(A) ∩ Vx = ∅} is in its turn finite, as it may happen that for different A′,A′′ ∈ A
we have the inequality Ω(A′) = Ω(A′′) even if Ω(A′) = Ω(A′′). However, if we can prove that for every A ∈ A
with Ω(A) = ∅ the collection {A′ ∈A | Ω(A′) = Ω(A)} is finite, then it will clearly follow that {Ω(A) | A ∈A} is a
locally finite open cover of X which refines V—hence U , too.
Actually, if S were an infinite subcollection of V for which there existed a closed nonempty set C such that Ω(A) =
C for every A ∈ S , then picking any point x¯ ∈ C we would have the inclusion S ⊆ {A ∈ V | x¯ ∈ A}, contradicting the
point-finite character of V . 
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